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EXAMPLES OF B(D, 1)-REFINABLE
AND WEAK 6-REFINABLE SPACES

STEPHEN H. FAST AND J. C. SMITH

ABSTRACT. In 1980, J. C. Smith asked for examples which would demonstrate
the relationships between the properties B(D, A)-refinability, B(D, wq)-refin-
ability, and weak 6-refinability. This paper gives such examples in the class of
T4 spaces.

1. INTRODUCTION AND DEFINITIONS

In [5], J. C. Smith asks for an example showing the relationship between
B(D, A)-refinability and B(D, wq)-refinability where A represents a countable
ordinal. Smith also conjectured that weak 6-refinability is strictly weaker than
B(D, wg)-refinability. This paper gives examples demonstrating the relationship
between these properties.

In §2 we construct a 7, space K such that for each a < w;, K, has
a closed subspace that is B(D, a)-refinable but not B(D, f)-refinable for any
B < a. We then show that K41 is weak 0O-refinable, implying that weak

O-refinability is strictly weaker than B(D, wq)-refinability.

Definition 1. A space is said to be mesocompact if every open cover of the space
has an open refinement 7 such that any compact subset of the space meets
only finitely many members of 7.

Definition 2. A space is said to be metacompact if every open cover of the space
has a point-finite open refinement.

Definition 3. A space X is said to be B(D, A) -refinable provided that for every
open cover % = {V;|0 € A} of X there exists a family {%, : a € 1} of partial
refinements of 7% such that the following conditions hold:

(1) U{%, : @ € A} is a refinement of % ;

(2) Uyea(UZ)) is closed in X for every a € 4;

(3) &, is a relatively discrete closed collection in X — J(U,., %) -

In this case B = |J{Z,|a € A} is said to be a B(D, 1) refinement of % .
Note that if we define for each o € A the family # = {Hs|0 € A} where
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H; =U{B € %,BCUs and B ¢ U, for y <}, then Z = Y{Z|a € A} is
alsoa B(D, 1) refinement of Z . We say that # is the amalgamation of % .
Thus we may henceforth assume that all B(D, A) refinements are amalgamated.
Note that each #, is a one-to-one partial refinement of # .

Definition 4. Let # = {H, : « € A} be a collection of subsets of a space X .
Then for x € X we define ord(x, #)=|a € Ad:x € H,|.

Definition 5. A space X is said to be 8 -refinable provided that for every open
cover Z of X there exists a sequence {%, : n € wy} of open refinements
of Z such that for each x € X there exists some n, € wo such that 0 <
ord(x, %) < .

Definition 6. A space X is said to be weak 0-refinable provided that for every
open cover Z of X there exists a sequence {# : n € wy} of open partial
refinements of % such that the following conditions hold:

(1) U{# : n € wo} is an open refinement of % ;

(2) for each x € X there exists some n, € @y such that 0 < ord(x, 5, ) <
;5
(3) for each x € X there exists some k, € wy such that x ¢ J{UF :n>

Ky} .

Note that mesocompact — metacompact — @-refinable — B(D, wq)-refin-
able — weak @-refinable .

It is known that the first three implications are not reversible [4]. This paper
shows that the last implication is not reversible in 74 spaces.

2. CONSTRUCTION OF THE SPACE K

In [1], R. H. Bing gave an example of a normal topological space that is
not collectionwise 75. We call such an example a Bing space and give the
construction of such a space below.

Let Q; = P(w;) = the set of all subsets of w; . Let G; = {f € [I;e0,{0, 1}
fe€ l'I{‘al}(l) for some positive, finite number of a € w,}, where {0, 1} is the
two-point discrete space. Note that f € l'I{“a'}(l) if and only if f({a}) = 1.
For a € w;, define f, by

ﬁ,(q):{lifaeq}.

Oifadqg

Define K; = {fy|a € w;} so that K; C G,. Let G, = K, U{f € G, -
K,|f(g) = 1 for only finitely many ¢ € Q,}. Topologize G, by adding to
the induced Tychonoff product topology all singleton sets {g} where g € G; —
K,. Let K5 = G; with the topology described above. For each a < w;, let
UZ = n,3(1). We call such a set U2 a standard subbasic open funnel. Since

%* = {U?|la < w;} covers K3, we call Z? the standard open cover of K3 .
Let O, = P(G; — K;). Using Q,, construct K, and the Bing space G, as in
the construction of the Bing space G, using Q; . Let K; = G, UG, , identifying
G, — K, with K, by the bijection ¢ : (G; — K;) — K, defined by the following:
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o(f) = gr € K, where

1if
gr(q) = {Oiffzg} forall fe G, -

Topologize K3 as follows. If A is an open subset of Kj ,then AU {4/|f €
K> n A}, where each Ay is a set containing f that is open in G, is a basic
open set in K3 . In addition, any open set B C G, is open in K3 . For each
a < wy,let U =U2U{f|f € n{k}(l) for some k € K, U U2}. Note that

= {U2|a < w,} is the standard open cover of Kj. We now construct by
transﬁnite recursion the space Kj, .
Let y < w;.

Case (1). If y = B+ 1, where B is a successor ordinal, construct K; from
Kj as K3 was constructed from K3 above. For each o < w;, let U] =

U”U{flfe n{k}(l) for some k € Kgn UZ} . Note that %7 = {Ul|a < w,} is
the standard open cover of K

Case (2). If y is a limit ordinal, let K; = U{K;|0 < y} with the natural
identification of levels and topology.

Case (3). If y is the successor of a limit ordinal, say y =8+ 1,let v : © —
B be an increasing cofinal map where each y(n) is a successor ordinal. Let
Ky ={p:w - Kjlp(n) € Ky(n forevery n € w and a tail of the image of ¢
is contained in some member of the standard open cover Z# of K3} . Define
K; = K;;UK,. topologized as follows: If set B is open in K; ,then BU{p € K,|
a tail of the image of ¢ isin B} isan open setin K. In addition, all singleton
sets {p} for ¢ € K,, are open.

Define the space K;; = U{K;|y < w,} with the natural identification of the
levels and topology. Note that % = {U;|0 < w;} is an open cover of K, ,
which we call the standard open cover, that each K is a closed subspace of
K;, , that each K, is a relatively closed, discrete subspace of K, —U{K3l|B <
7}, and that K¢ is T;. To see that K¢, is normal, suppose that A and B are
disjoint nonempty subsets of K;, . Then AN (K, UK,,;) and BN (K, NK,)
are disjoint nonempty subsets of K, U K,;, which is a normal Bing space,
and can be separated by disjoint open sets, say 4* and B*. Since 4* N K,
and B* N K,;; are disjoint closed subsets of K,.; UK,;2, a straightforward
induction can be used to construct disjoint open subsets of K separating A
and B.

We now state our main result.

Theorem 1. For every countable ordinal o, there exists a T4, B(D, a)-refinable
space which is not B(D, B)-refinable for any B < a.

Proof. Since each K, isa relatively closed discrete subspace of K7, —(U, ., Ky|?
is a successor ordinal), it is clear that K} is B(D, a)-refinable.

To prove that K} is not B(D, f)-refinable for any f < «, our inductive
proof proceeds in the following way. Let {,|u < a} be a collection of partial
refinements of 7 such that the following conditions hold:

(1) Uy (UB,) is closed in Kg; for every u<a;
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(2) %, is a relatively discrete, closed collection in K7, — (U, (U%y)) for
each u<a.

First, for every limit ordinal o < w; and x € (Us N K,y1) — Up<a(UZ)
let S« 5) be an open funnel about x such that

Sx.) € Us = ((U K#) U (U (U%))) :

U<a H<a

For every a < w,, we will show that there exists a J, < w; such that for every
0 > J, there exists a x(a, d) € K,41 N Us and an open set ¥V (a, d) about
X(a, d) such that the following conditions hold:

(1) y<a=0,<dy;

(2) y<a and 6,26, = V(a,d)CV(y,9);

(3) 0200 = x(a, ) ¢ (Uges Us) U (Uypca(UZ);

4) 620da=V(a, )N (UycUB) = 2;

(5) For every limit ordinal 7 > a,d >d, and x € Ky 1NV (a, ) = Sx,6 C
V(a,d).

For a =0, let d, =0 and x(a, d) = f5 forevery é < w;. Let V(a, d) =
U;s for each é < w; . Then conditions (1)-(5) are satisfied for a = 0.

Suppose that « > 0 and that conditions (1)-(5) above hold for every 8 < a.
We show that these conditions hold for «.

I Case 1. « is a limit ordinal.

Since a < w;, choose ¥ < w; such that y > dg for every B < o.. Hence
for every 0 > y, there exists for each f < a, a x(8,J) € Kg;y N Us and
an open set V (B, d) about x(f, d) such that the inductive conditions (1)—(5)
hold. Let J, =y .

Foreach d > vy, let x(a, 6) = 95 € K,1, Where ¢s(8) = x(B, ) for every
B in the image of y, (see above the construction Case 3 of K,,;, where y isa
limit ordinal). By inductive conditions (2) and (3), each x(a, J) is well defined
and x(a, 8) ¢ (Uy<s Us) U (U, ca(U%By)) - By the choice of y it follows that
y<a=0d <y. Sinceif § > y, we have x(a,d) ¢ U,.(UZL), by
the definition of the sets V' (y, §), we can choose an open set V' (a, d) about
x(a, d) such that (2), (4), and (5) hold.

Before we consider the case where a is not a limit ordinal, we need the
lemma below.

Lemma 1. Let % be the standard subbasic open cover of K;, . Fix B < w,
where B is a successor ordinal. Suppose that X is a closed subset of K;, and
& = {By|fa € K1} is a relatively discrete closed collection in K, \X which
partially refines % such that the following conditions hold:

(A) There exists an a; € w, such that for every y > a, there exists some

(1) 806, 7) € Uy N ER\X U (ULTH]T <)
an

(2) for each g(B,y) in (1) we can choose a funnel V(B ,y) C U, about
g(B,y) suchthat V(B,y)NX =2 and V (B, y) hits at most one member of
Fiie VB, )YN"NB+o iff g(B,y)€B foreach Be F . (x)

(B) Then there exists an oy € w, such that for every p > a, we have

8. o\ ((U2) v (Utted < p})) | nKpur # 2.
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Remark. Note that in (A), if (1) holds, then (2) follows.

Proof. Assume (A) and suppose (B) is false; that is, no such a; exists. Choose
Y0 > a; and a funnel V(f, yo) such that

V8. v\ ((U2) v {Uslr < %o}))| nKpor = 2.

By our supposition we can choose y; > y9 such that y; > 7 if V(8, yo) N
By # @ and

(8. 2o\ (U#) v (UtUsle <m))] nKper = =

Assume that for p < T" y, has been chosen such that the following conditions
hold:

(1) yp>vs if 6 <p;

(ii) yp >t if V(B,75)NBy, #@ forany 6 < p;

@iii) [V(B, o) \(UZ) U (U{ULlt < 7p}))INKp1 = 2.

By our supposition there exists

7r > sup({r,lp <T}U{r € w|B, NV (B, y,) = @ for some p <T})

such that (i), (ii), and (iii) hold. Thus we can continue the induction on w; .
Since the singletons {g(f, y5)|0 € w;} cannot be separated by pairwise dis-
joint open sets in Gg = KgUKp,;, and since V (B, y5)NGp is openin Gg for
every d € w;, there exists J;,d, € w; (d; < J2), such that V(B, y5) N
V(ﬂa 762) n Kﬁ+l 79 2. Now Gﬁ n V(ﬂ, Y&) N V(/ga yﬁz) = n§=l n(;kl(tk)
for some ¢i,q2,...,4qx € Qp, and each ¢; has the value 1 or 0. Since
&(B,vs) € V(B,vs) and g(B,7vs,) € V(B,7s), by (A) if any g; = {h},
where h € | J{U;|t < 75} N Kp, it follows that ¢; = 0. Hence [V(8, y5,) N

V(B, vs,)\(U{Uf |t < 75, })IN Kgy1 # @. Choose x € [V(B, v5,) NV (B, 75,)\
(U{Uglt < 75,1)D1N K4y . By (ii1) above, we must have that x € (J% . Choose

B, € & with x € B,. Then

(**) X € V(ﬂa ')"51) n V(ﬁa }'52) an .

By (A-2) above, g(B, ys,) € Bx . Thus it follows from (ii) and the assumption
(A) that g(B, 7s,) ¢ Bx. However, by (A-2) we have that V(8, 75,)NBx = 2,
contradicting (*x). Therefore, the lemma is proved.

We now consider the case where a is a successor ordinal.

II. Case 2. a=8+1.

Since f satisfies the inductive hypothesis (1)-(5), condition (A) of Lemma 1
is satisfied. To see this, let X = u <«(UBy) and let & = %, . Then the a; of
Lemma 1, condition (A) is fulfilled by d, since for each § > d; the element
x(B, 9) € (Up N Ka)\((Uy<s Us) U (U ,<o(U Bu))) by inductive hypothesis (3).

Hence by Lemma 1, there exists J, < w; satisfying condition (3). Clearly,
we can choose d, > dg, so (1) is satisfied. Since %, is a relatively closed,
discrete collection in Kj, — (U,<.(U By)) , we can choose an open set V(a, 9)
about each x(a, d) such that conditions (2), (4), and (5) are satisfied. The
proof of Theorem 1 is now complete.

Theorem 2. G, is metacompact for each n € N .

Proof. Let Z be any open cover of G,. For each f € K, , choose a member
Uy of Z that contains f. For each f € K,, let V, represent the standard
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funnel about f. Then {UsNVy|f € K1} U{{g}|g € G»\K,} is a point-finite
refinement of 7 .

Theorem 3. K, is metacompact.

Proof. Let 77 = {V,|a € A} be an open cover of K . Then, since G, is
metacompact, 7” has a 1-1, open in K, , partial refinement T = {T,|a €
A} which is point-finite on G; and covers G;. For each x € G, N T,, let
C(x, n, a) be the intersection of the standard funnel about x with T, . Define
the open set S! inductively as follows:

(1) SInG, =T,NnGy;

(2) for n>1, SInG, =(S!NnK,)U{y € Guly € C(x, n, a) for some

x€SINK,}.

Note that ! = {S}|a € 4} is an open in Kj, , point-finite, partial refine-
ment of 77 which covers G;. To see this, suppose x € K3. Then x € H;‘(l)
for only finitely many ¢ in P(K;). Hence x is a member of only finitely many
standard funnels about elements in K, . Since K, C G, %! is point-finite on
K, . Thus, by (2) it must be the case that %! is point-finite on K3 . Continuing
in this way it follows that %! is point-finite on K, for every n.

Next, since K; UK, U---UK,_; is a closed subset of K;, , and since G,
is metacompact for each n, we can construct a 1-1 point-finite open partial
refinement %" of 7 that covers K, and misses K;UK,U---UK,_; . It then
follows that ¥ = |J{&" : n € N} is a point-finite open refinement of 7.
Hence, K, is metacompact.

To show that K/, is mesocompact, it suffices to show that every compact
subset of K is finite. In [2], J. R. Boone shows that every compact subset of
G, is finite. We now extend this result to obtain the following lemma.

Lemma 2. Foreach n € N, if C is a compact subset of K;, , then CN(U{G;|i <
n}) is finite.

Proof. The proof is by induction on N. For n = 1 observe that G, N C is
closed in K, and therefore compact. Suppose that we can choose distinct
elements fi, 2, f3,..., fn,... iIn CNG;. Since K, is discrete, we may
assume that each f; belongs to K, N C. Since |{g € Qi|fi(q) # O for some
i € N} <o, for each f € K; we can choose a basic open funnel V; about f
that misses {fi, /2, f3,...}, since |[{q € Q1|f(q) # 0}| > Ro. Thus {V|f €
KinCuU{{f}: f € CNK;} is an open cover (open in G;) of CNG; with
no finite subcover, contradicting the compactness of C N G;. Hence C N G,
must be finite.

Assume that for all k <n, CN[U{G;:i < k}] is finite.

By inductive hypothesis, C N (J{Gi|i < n — 1}) is compact and therefore
finite. Suppose we can choose distinct elements fi, f>, f3,... in CNK,, .
Since |{q € Qn|fi(q) # 0 for some i € N}| < R, foreach f e Cn(U{Gili <
n—1}) we can choose a funnel ¥, about f which misses {f;, f2, f3,...} € C.
Thus {Vy|f € CN(U{Gili < n—1}H}UVU{{f}: f € CNK,41} is an open cover of
C N (U{Gili < n}) with no finite subcover, in contradiction to the compactness
of Cn(U{Gili <n}), so the lemma follows.

Lemma 3. If C is a compact subset of K, . then C is finite.
Proof. Suppose C is an infinite compact subset of K., . Then by Lemma 2
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there must exist a sequence f: N — C such that f(n) ¢ U{K;|f(i) € K; for
some i < n}. Since {f(n)|n € N} is a closed subset of C, it is compact. It
is easy to show that this sequence is also discrete and thus cannot be compact.
Hence the lemma is proved.

From Theorem 3 and Lemma 3 above we now have the following.
Theorem 4. K;, is mesocompact.
Theorem 5. (i) K, is B(D, wo)-refinable but not B(D, n)-refinable for any n.
(ii) K 1 is B(D, wo + 1)-refinable but not B(D, wg)-refinable.
(i) K}, ,, is weak O-refinable and T,.
Proof. The proof of (i) and (ii) follow directly from Theorem 1. Let Z be an
open cover of K .. Since K is metacompact, 7/ has a partial refinement
A , which is point-finite on Kg, - Next, let %5 be the collection of singleton
subsets of K7, . ,\Ky, . Then 4 U is a weak O-refinement of % .

Question. If we modify the construction of each G, so that

Gn=(f€ H {0, l}lfeﬂ{‘a‘}(l) for some a € w; » ,
q€0n

would the space K, ., remain weak @-refinable? The authors conjecture that
it would not. If not, then K ., isa T4, B(D, wo + 1)-refinable space that is

not weak 6-refinable.
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